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Multi-Point AG Codes on the GK Maximal Curves
D. Bartoli, M. Montanucci, and G. Zini
Abstract
In this paper we investigate multi-point Algebraic-Geometric codes associated to
the GK maximal curve, starting from a divisor which is invariant under a large auto-
morphism group of the curve. We construct families of codes with large automorphism
groups.
1 Introduction
Let X be an algebraic curve defined over the finite field Fq of order q. An Algebraic-
Geometric code (AG for short) is a linear error correcting code constructed from X ; see [6,7].
The parameters of the AG code strictly depend on some characteristics of the underlying
curve X . In general, curves with many Fq-rational places with respect to their genus give
rise to AG codes with good parameters. For this reason maximal curves, that is curves
attaining the Hasse-Weil upper bound, have been widely investigated in the literature: for
example the Hermitian curve and its quotients, the Suzuki curve, and the Klein quartic; see
for instance [8, 14, 15, 17, 19, 21–23]. More recently, AG codes were obtained from the GK
curves [5], which are the first example of maximal curves shown not to be covered by the
Hermitian curve; see [1, 3].
In this work we investigate multi-point AG codes on the GK curves having a large
automorphism group. Note that codes with large automorphism groups can have good
performance in encoding [9] and decoding [11].
Most of the AG codes described in the literature are one-point or two-point. A natural
way to get AG codes with large automorphism groups is to construct them from a divisor of
X which is invariant under an automorphism group of X ; see for instance [2, 12, 13].
The main result of the paper is the construction of some families of [n, k, d]q6-codes as
AG codes on the GK curve X of genus g = q
5−2q3+q2
2
. The results are summarized in the
Table 1; they depend on non-negative integers m, s, and r := gcd
(
s, q
2−q+1
gcd(3,q+1)
)
.
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Table 1: Parameters of the constructed codes
Code n d m k Automorphism group
C
q8− q6+q5−q3 d∗
[q2 − 1, q5 − q3 − 1] m(q3+1)+1−g
(Sect. 3) [2, q2 − 1] ≤ m(q3+1)+1−g (Aut(X )⋊Aut(Fq6))⋊F
∗
q6
q8 − q6 + q5
≥ d∗
[
q5−2q3+q2−1
(s+1)q3+1
, m(s+ 1)q3 +m
C¯ −(s+ 1)q3, q
8−q6+q5−(s+1)q3−1
(s+1)q3+1
]
+1− g
(Sect.4.1) with s > 0 [
2, q
8−q6+q5−(s+1)q3
(s+1)q3(q3+1)
] ≤ m(s+ 1)q3 +m ((SU(3, q)× Cr)
+1− g ⋊Aut(Fq6)
)
⋊ F∗q6
d∗
[
q5−2q3+q2−1
(s+1)q3 , m(s+ 1)q
3
q5−q3+q2
s+1 − 1
]
+1− g
[
2, q
5−q3+q2−(s+1)
(s+1)(q3+1)
]
(
((Qq3⋊Hq2−1)×Cq2−q+1)
C˜ q8 − q6 + q5 ⋊Aut(Fq6)
)
⋊F∗q6 ,
(Sect.4.2) −(s+ 1)q3 + 1 ≤ m(s+ 1)q3 if s = 0
+1− g
(
((Qq3⋊Hq2−1)×Cr)
⋊Aut(Fq6)
)
⋊F∗q6 ,
if s > 0 and p ∤ m
2
In Section 2 we introduce basic notions and preliminary results concerning AG codes and
GK curves. Sections 3 and 4 contain the main achievements of this paper.
2 Background and preliminary results
2.1 Algebraic Geometric codes
In this section we introduce some basic notions on AG codes. For a more detailed introduc-
tion on this topic we refer to [18].
Let X be a projective curve over Fq, and consider the field of rational functions Fq(X )
on X . Let X (Fq) be the set of all the Fq- rational places of X . Given an Fq-rational divisor
D =
∑
P∈X (Fq)
nPP on X , the Riemann-Roch space L(D) is a finite dimensional Fq-vector
space given by
L (D) := {f ∈ Fq(X ) \ {0} | (f) +D ≥ 0} ∪ {0},
where (f) indicates the principal divisor of f .
Let D = P1 + · · ·+ Pn, with Pi 6= Pj for i 6= j, be an Fq-rational divisor where each Pi
has weight one in D. Let G be another Fq-rational divisor of Fq(X ) such that supp(D) ∩
supp(G) = ∅. The functional code CL (D,G) is defined as follows. Consider the evaluation
map
eD : L (G) → F
n
q
f 7→ eD(f) = (f(P1), f(P2), . . . , f(Pn))
.
The map eD is Fq-linear and injective if n > deg(G). We define CL (D,G) = eD(L (G)), an
[n, k, d]q code with k = ℓ(G)− ℓ(G−D) and d ≥ d
∗ = n− deg(G). The integer d∗ is called
designed minimum distance. If deg(G) > 2g − 2, where g is the genus of the curve X , then
k = deg(G) + 1− g. The differential code CΩ(D,G) is defined as
CΩ(D,G) = {(resP1(ω), resP2(ω), . . . , resPn(ω) | ω ∈ Ω(G−D)} ,
where Ω(G − D) = {ω ∈ Ω(X ) | (ω) ≥ G − D} ∪ {0}. The differential code CΩ(D,G) has
dimension n− deg(G) + g − 1 and minimum distance at least deg(G)− 2g + 2.
Now we define the automorphism group of CL (D,G); see [4, 12]. Let Mn,q ≤ GL(n, q)
be the subgroup of matrices having exactly one non-zero element in each row and column.
For γ ∈ Aut(Fq) and M = (mi,j)i,j ∈ GL(n, q), let M
γ be the matrix (γ(mi,j))i,j. Let Wn,q
be the semidirect product Mn,q ⋊Aut(Fq) with multiplication M1γ1 ·M2γ2 :=M1M
γ
2 · γ1γ2.
The automorphism group Aut(CL (D,G)) of CL (D,G) is the subgroup of Wn,q preserving
CL (D,G), that is,
Mγ(x1, . . . , xn) := ((x1, . . . , xn) ·M)
γ ∈ CL (D,G) for any (x1, . . . , xn) ∈ CL (D,G).
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Let AutFq(X ) be the Fq-automorphism group of X ,
AutFq,D,G(X ) := {σ ∈ AutFq(X ) | σ(D) = D, σ(G) ≈D G},
where G′ ≈D G if and only if there exists u ∈ Fq(X ) such that G
′ −G = (u) and u(Pi) = 1
for i = 1, . . . , n, and
Aut+Fq,D,G(X ) := {σ ∈ AutFq(X ) | σ(D) = D, σ(|G|) = |G|},
where |G| = {G + (f) | f ∈ Fq(X )} is the linear series associated with G. Note that
AutFq,D,G(X ) ⊆ Aut
+
Fq,D,G
(X ).
Remark 2.1. Suppose that supp(D)∪ supp(G) = X (Fq) and each place in supp(G) has the
same weight in G. Then
AutFq,D,G(X ) = Aut
+
Fq,D,G
(X ) = {σ ∈ AutFq(X ) | σ(supp(G)) = supp(G)}.
In [4] the following result was proved.
Theorem 2.2. ([4, Theorem 3.4]) Suppose that the following conditions hold:
• G is effective;
• ℓ(G− P ) = ℓ(G)− 1 and ℓ(G− P −Q) = ℓ(G)− 2 for any P,Q ∈ X ;
• X has a plane model Π(X ) with coordinate functions x, y ∈ L (G);
• X is defined over Fp;
• the support of D is preserved by the Frobenius morphism (x, y) 7→ (xp, yp);
• n > deg(G) · deg(Π(X )).
Then
Aut(CL (D,G)) ∼= (Aut
+
Fq,D,G
(X )⋊Aut(Fq))⋊ F
∗
q.
In the construction of AG codes, the condition supp(D) ∩ supp(G) = ∅ can be removed
as follows; see [20, Sec. 3.1.1]. Let P1, . . . , Pn be distinct Fq-rational places of X and
D = P1 + . . .+ Pn, G =
∑
nPP be Fq-rational divisors of X . For any Pi let bi = nPi and ti
be a local parameter at Pi. The map
e′D : L (G) → F
n
q
f 7→ e′D(f) = ((t
b1f)(P1), (t
b2f)(P2), . . . , (t
bnf)(Pn))
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is linear. We define the extended AG code Cext(D,G) := e
′(L (G)). Note that e′D is not
well-defined since it depends on the choise of the local parameters; yet, different choices
yield extended AG codes which are equivalent. The code Cext is a lengthening of CL (Dˆ, G),
where Dˆ =
∑
Pi :nPi=0
Pi. The extended code Cext is an [n, k, d]q-code for which the following
properties still hold:
• d ≥ d∗ := n− deg(G).
• k = ℓ(G)− ℓ(G−D).
• If n > deg(G), then k = ℓ(G); if n > deg(G) > 2g − 2, then k = deg(G) + 1− g.
2.2 The Giulietti-Korchma´ros curve
Let q be a prime power. The GK curve X over Fq6 is a non-singular curve of PG(3,Fq)
defined by the affine equations
{
Y q+1 = Xq +X
Zq
2−q+1 = Y q
2
− Y
. (1)
This curve has genus g = (n
3+1)(n2−2)
2
+ 1, q8 − q6 + q5 + 1 Fq6-rational points, and a unique
point at infinity P∞, which is Fq2-rational. The curve X has been introduced in [5], where it
was proved that X is maximal over Fq6, that is, the number |X (Fq6)| of Fq6-rational points
of X equals q6 + 1 + 2gq3. Also, for q > 2, X is not Fq6-covered by the Hermitian curve
maximal over Fq6; X was the first maximal curve shown to have this property.
The automorphism group Aut(X ) of X is defined over Fq6 and has size q
3(q3 + 1)(q2 −
1)(q2−q+1). In particular, it has a normal subgroup isomorphic to SU(3, q). If (3, q+1) = 1,
then Aut(X ) ∼= SU(3, q) × Cq2−q+1, where Cq2−q+1 is a cyclic group of order q
2 − q + 1. If
(3, q + 1) = 3, then SU(3, q)× C(q2−q+1)/3 is isomorphic to a normal subgroup of Aut(X ) of
index 3; see [5, Theorem 6]. The set X (Fq6) of the Fq6-rational points of X splits into two
orbits under the action of Aut(X ): one orbit O1 = X (Fq2) of size q
3 + 1, which coincides
with the intersection between X and the plane Z = 0; the other orbit O2 = X (Fq6) \X (Fq2)
of size q3(q3 + 1)(q2 − 1); see [5, Theorem 7].
By the Orbit-Stabilizer Theorem, the stabilizer Aut(X )P∞ of P∞ in Aut(X ) has order
q3(q2 − 1)(q2 − q + 1). By direct checking, Aut(X )P∞ < SU(3, q) × C(q2−q+1)/δ where δ =
(3, q + 1), and Aut(X )P∞ contains a subgroup (Qq3 ⋊Hq2−1)× C(q2−q+1)/δ of index δ. Here,
Qq3 is a Sylow p-subgroup of Aut(X ) and Hq2−1 is a cyclic group of order q
2− 1; see Lemma
8 and the subsequent discussion in [5].
5
Let x, y, z ∈ Fq6(X ) be the coordinate functions of the function field of X , which satisfy
yq+1 = xq + x and zq
2−q+1 = yq
2
− y. Also, denote by P0 and P(a,b,c) the affine points (0, 0, 0)
and (a, b, c) respectively. Then it is not difficult to prove that
• (x) = (q3 + 1)P0 − (q
3 + 1)P∞;
• (y) = (q2 − q + 1)
(∑
a : aq+a=0 P(a,0,0)
)
− (q3 − q2 + q)P∞;
• (z) =
(∑
P∈X (F
q2
),P 6=P∞
P
)
− q3P∞.
3 AG codes on the GK curves
Let m ∈ N and consider the sets
G := X (Fq2) , D := X (Fq6) \ G.
Note that G is the intersection of X with the plane Z = 0. Define the Fq6-divisors
G :=
∑
P∈G
mP and D :=
∑
P∈D
P ,
which have degree m(q3+1) and q8− q6+ q5− q3 , respectively. Denote by C := CL (D,G)
the associated functional AG code over Fq6 having length n = q
8 − q6 + q5 − q3, dimension
k, and minimum distance d. The designed minimum distance of C is
d∗ = n− degG = q8 − q6 + q5 − q3 −m(q3 + 1).
Lemma 3.1. There exist exactly q5−q3 planes πa : X = a, a ∈ Fq6, containing q
3+1 distinct
Fq6-rational points of X . Their affine points give rise to a partition of X (Fq6) \ X (Fq2).
Proof. Let a ∈ Fq6 \ Fq2 such that X contains an Fq6-rational point (a, b, c). Then b, c 6= 0,
and πa ∩ X has exactly q
3 + 1 affine distinct points, namely πq ∩ X = {(a, ξb, ηc) | ξ
q+1 =
ηq
2−q+1 = 1}. Now let a ∈ Fq2 . Then (a, b, c) ∈ X if and only if b, c ∈ Fq2 satisfy b
q+1 = aq+a
and c = 0. In particular, πa∩X has either 1 or q+1 affine points, according to a
q+a = 0 or
aq + a 6= 0, respectively. Therefore the number of planes πa intersecting X in exactly q
3 + 1
Fq6-rational points is |supp(D)|/|πa ∩ X | =
q8−q6+q5−q3
q3+1
= q5 − q3.
Now we show that the designed minimum distance is attained by C.
Proposition 3.2. Whenever d∗ > 0, C attains the designed minimum distance d∗.
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Proof. Take m distinct elements a1 . . . , am ∈ Fq6 \ Fq2 such that |πa ∩ X | = q
3 + 1, and let
f :=
m∏
i=1
(
x− ai
z
)
. (2)
Then the pole divisor of f is (f)∞ = G, thus f ∈ L (G). The weight of eD(f) is
w(eD(f)) = n−m(q
3 + 1) = d∗.
When m is in a suitable range, the dimension of C can be explicitly computed.
Proposition 3.3. If q2 − 1 ≤ m ≤ q5 − q3 − 1, then
k = m(q3 + 1)−
1
2
(q5 − 2q3 + q2 − 2).
Proof. Since n > degG > 2g − 2, then by Riemann-Roch Theorem k = degG+ 1− g.
Let H be the Fq2-divisor given by H :=
∑
P∈G P , so that G = mH .
Proposition 3.4. If m < q5 − q3 + q2 − 2, then the codes CΩ(D,G) and CL (D, (q
5 − q3 +
q2 −m− 2)H) are monomially equivalent.
Proof. From [16, Chapter 12.17], CΩ(D,G) = CL (D,K +D −G) for any canonical divisor
K. The function z has valuation 1 at each affine Fq6-rational point of X , hence z is a
separating element for Fq6(X )/Fq6 by [18, Prop. 3.10.2]. Then dz is non-zero by [18, Prop.
4.1.8(c)]. It is easily checked that (dz) is a one-point divisor at P∞. Therefore, we may
choose K = (dz) = (q3 + 1)(q2 − 2)P∞.
It suffices to prove that K +D −G ≡ (q5 − q3 + q2 −m− 2)H , that is,
K +D ≡ (q5 − q3 + q2 − 2)H.
Let πai , i = 1, . . . , q
5 − q3, be the q5 − q3 planes described in Lemma 3.1. Consider the
function
f :=
( q5−q3∏
i=1
(x− ai)
)( ∏
P∈supp(G),P 6=P∞
τP (x, y)
)
,
where τP (x, y) ∈ Fq2 [x, y] has principal divisor (τP ) = (q
3 + 1)P − (q3 + 1)P∞, that is,
τP (X, Y ) is the tangent plane to X at P . Then
K +D − (q5 − q3 + q2 − 2)H = div
(
f
zq5+q2−1
)
.
Hence the claim follows.
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We determine the automorphism group of C. To this aim, we prove a preliminary Lemma.
Lemma 3.5. Let m ≥ 2. For any P,Q ∈ X , ℓ(G−P ) = ℓ(G)−1 and ℓ(G−P−Q) = ℓ(G)−2.
Proof. When P and Q are affine points, we denote their coordinates by (a, b, c) and (a¯, b¯, c¯),
respectively. The condition ℓ(G− P −Q) = ℓ(G)− 2 implies ℓ(G− P ) = ℓ(G)− 1 (see [18,
Lemma 1.4.8]), hence we restrict to the condition on two points. To prove the claim, we
provide two Fq6-linearly independent functions f1, f2 ∈ L (G) such that f1, f2 /∈ L (G−P −
Q) and f1 + λf2 /∈ L (G− P −Q) for any λ ∈ Fq6.
• Case P,Q /∈ supp(G), P 6= Q. If c 6= c¯, choose f1 =
z−α
z
, f2 =
z−β
z
with α 6= β,
α, β /∈ {c, c¯, 0}. If c = c¯, then a 6= a¯; choose f1 =
x−α
z2
, f2 =
x−β
z2
with α 6= β,
α, β /∈ {a, a¯, 0}.
• Case P,Q /∈ supp(G), P = Q. Choose f1 =
z−c
z
, f2 =
z−α
z
with α /∈ {c, 0}.
• Case P ∈ supp(G), Q /∈ supp(G), P 6= P∞. Choose f1 =
(
z−c¯
z−c
)m
, f2 =
(
z−α
z−c
)m
with
α /∈ {c¯, c}.
• Case P = P∞, Q /∈ supp(G). Choose f1 =
(
x
z
)m
, f2 =
(
x−a¯
z
)m
.
• Case P,Q ∈ supp(G) \ {P∞}, P 6= Q. Since a 6= a¯, we can choose f1 =
(
x−a
z−c
)m
,
f2 =
(
x−α
z−c
)m
with α 6= a.
• Case P = P∞, Q ∈ supp(G) \ {P∞, O}. Choose f1 =
(
x
z−c¯
)m
, f2 =
(
x−a¯
z−c¯
)m
.
• Case P = P∞, Q = O. Choose f1 =
(
x
z
)m
, f2 =
(
x−α
z
)m
with α 6= 0.
• Case P = Q ∈ supp(G) \ {P∞}. Choose f1 =
z−α
zm
, f2 =
z−β
zm
with α 6= β and α, β 6= 0.
• Case P = Q = P∞. Choose f1 =
(
x
z
)m
, f2 =
(
x
z
)m−1
.
By direct checking, in each case we have f1, f2 ∈ L (G), f1, f2 /∈ L (G − P − Q), and
f1 + λf2 /∈ L (G− P −Q) for any λ ∈ Fq6 . The claim follows.
Proposition 3.6. If 2 ≤ m ≤ q2 − 1, then the automorphism group of C is
Aut(C) ∼= (Aut(X )⋊ Aut(Fq6))⋊ F
∗
q6 .
In particular, Aut(C) has order 6q3(q + 1)3(q − 1)2(q2 − q + 1)3(q2 + q + 1) logp(q).
Proof. The following properties hold.
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• The divisor G is effective.
• By Lemma 3.5, ℓ(G− P ) = ℓ(G)− 1 and ℓ(G− P −Q) = ℓ(G)− 2 for any P,Q ∈ X .
• Let Π(X ) be the plane model of X given in [5, Theorem 4], which has degree q3 + 1.
The function field Fq6(Π(X )) is generated by the coordinate functions x and z, hence
also by x′ := x/z2 and z′ := 1/z. The pole divisors of x′ and z′ are
(z′)∞ =
∑
P∈G,P 6=P∞
P , (x′)∞ =
∑
P∈G,P 6=P∞,P 6=O
2P ,
where O = (0, 0, 0). Thus x′, z′ ∈ L (G).
• The curve X is defined over Fp.
• The Frobenius morphism Φp : (x, z) 7→ (x
p, zp) on Π(X ) preserves X (Fq6) and X (Fq2),
hence also the support X (Fq6) \ X (Fq2) of D.
• The condition n > degG · deg(Π(X )) holds if and only if m ≤ n2 − 1.
Then by Theorem 2.2 we have
Aut(C) ∼= (Aut+F
q6
,D,G(X )⋊Aut(Fq6))⋊ F
∗
q6 .
By Remark 2.1, Aut+F
q6
,D,G(X )
∼= AutF
q6
,D,G(X ), and both coincide with AutF
q6
(X ). Since
Aut(X ) is defined over Fq6, the claim follows.
We construct a lengthening of C by extending D to the support of G.
Define the Fq6-divisors G
′ := G and D′ :=
∑
P∈X (F
q6
) P having degree m(q
3 + 1) and
q8− q6+ q5+1, respectively. Denote by C ′ := Cext(D
′, G′) the associated extended AG code
over Fq6 having length n
′ = q8 − q6 + q5 + 1, dimension k′, and designed minimum distance
d′∗ = n′ − deg(G′) = q8 − q6 + q5 −mq3 −m+ 1.
Lemma 3.7. Whenever d′∗ > 0, C ′ attains the designed minimum distance d′∗.
Proof. Let f ∈ L (G′) be defined as in (2). The codewords e′D′ ∈ C
′ and eD ∈ C have the
same number m(q3+1) of zero coordinates, hence the weight of e′D′ is n
′−deg(G′) = d′∗.
In particular, n′ − d′ = n− d. The proof of the following result is analogous to the one
of Proposition 3.3.
Proposition 3.8. If q2 − 1 ≤ m ≤ q5 − q3, then k′ = m(q3 + 1)− 1
2
(q5 − 2q3 + q2 − 2).
Therefore, if q2 − 1 ≤ m ≤ q5 − q3 − 1, then C and C ′ have the same Singleton defect.
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4 Some other constructions
For c ∈ Fq6 , let ζc be the plane with affine equation Z = c, and
Γ :=
{
c ∈ Fq6 | c
(q3+1)(q2−1) + c(q
3+1)(q2−q) + 1 = 0
}
, Γ0 := Γ ∪ {0}.
Lemma 4.1. The plane ζc contains q
3+1 Fq6-rational points of X if and only if c ∈ Γ0. The
number of such planes is q5−q3+q2, and their affine points form a partition of X (Fq6)\{P∞}.
Proof. For any c, P∞ ∈ ζc. We prove that the equations
yq
2
− y − cq
2−q+1 = 0 , xq + x− yq+1 = 0
have q3 solutions (x, y) ∈ F2q6 if and only if c ∈ Γ0. By [10, Theorem 1.22], the equation
yq
2
− y − cq
2−q+1 = 0 (3)
has q2 distinct solutions y ∈ Fq6 if and only if
(cq
2−q+1)q
4
+ (cq
2−q+1)q
2
+ cq
2−q+1 = 0, (4)
and the equation xq + x− yq+1 = 0 has q distinct solution x ∈ Fq6 if and only if
− yq+1 + (yq+1)q − (yq+1)q
2
+ (yq+1)q
3
− (yq+1)q
4
+ (yq+1)q
5
= 0. (5)
Using (3), Equation (5) reads
c(q
3+1)q2 + c(q
3+1)(q2−q+1) + cq
3+1 = 0. (6)
By direct computation, every solution c of Equation (6) is also a solution of Equation (4);
also, c ∈ Fq6 . Since the polynomial c
(q3+1)(q2−1)+c(q
3+1)(q2−q)+1 is separable, the solutions are
all distinct. By the Hasse-Weil bound, |X (Fq6) \ {P∞}| = q
3|Γ0|, and the claim follows.
4.1 First construction
Let m¯, s¯ > 0 and take s¯+ 1 distinct elements c0 = 0, c1, . . . , cs¯ ∈ Γ0. Define the sets
G¯ :=
s¯⋃
i=0
(X ∩ ζci) , D¯ := X (Fq6) \ G¯
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and the Fq6-divisors
G¯ := m¯
(
P∞ +
∑
P∈G¯,P 6=P∞
P
)
, D¯ :=
∑
P∈D¯
P,
which have degree m¯ + m¯(s¯ + 1)q3 and q8 − q6 + q5 − (s¯ + 1)q3, respectively. Denote by
C¯ := CL (D¯, G¯) the associated functional AG code over Fq6 having length n¯ = deg D¯,
dimension k¯, and minimum distance d¯. The designed minimum distance of C¯ is
d¯∗ = n− deg G¯ = q8 − q6 + q5 − (m¯+ 1)(s¯+ 1)q3 − m¯
Proposition 4.2. If q
5−2q3+q2−1
(s¯+1)q3+1
≤ m¯ ≤ q
8−q6+q5−(s¯+1)q3−1
(s¯+1)q3+1
, then
k¯ = m¯
(
1 + (s¯+ 1)q3
)
−
1
2
(
q5 − 2q3 + q2 − 2
)
.
Proof. The proof is analogous to the proof of Proposition 3.3.
Lemma 4.3. Let m¯ ≥ 2. For any P,Q ∈ X , ℓ(G¯−P ) = ℓ(G¯)−1 and ℓ(G¯−P−Q) = ℓ(G¯)−2.
Proof. We argue as in the proof of Lemma 3.5. When P,Q 6= P∞, let P = (a, b, c), Q =
(a¯, b¯, c¯). It is enough to prove the condition on two points, by providing two Fq6-linearly
independent functions f1, f2 ∈ L (G¯) such that f1, f2 /∈ L (G¯ − P − Q) and f1 + λf2 /∈
L (G¯− P −Q) for any λ ∈ Fq6 .
• Case P /∈ supp(G¯) or Q /∈ supp(G¯). Argue as in the proof of Lemma 3.5.
• Case P,Q ∈ supp(G¯) \ {P∞}, P 6= Q. If c 6= c¯, assume without loss of generality that
c 6= 0 and choose f1 =
(
z−c
z
)m
, f2 =
(
z−α
z
)m
with α /∈ {c, 0}; if c = c¯, then a 6= a¯ and
choose f1 =
x−a
(z−ci)
m , f2 =
x−a¯
(z−ci)
m with i ∈ {0, 1, . . . , s¯}, ci 6= c.
• Case P = P∞. Argue as in the proof of Lemma 3.5.
• Case P = Q ∈ supp(G¯) \ {P∞}. Choose f1 =
z−α
zm
, f2 =
z−β
zm
with α 6= β and
α, β /∈ {c0, c1, . . . , cs}.
Proposition 4.4. Let 2 ≤ m¯ ≤ q
8−q6+q5−(s¯+1)q3
(s¯+1)q3(q3+1)
and r := gcd
(
s, q
2−q+1
δ
)
, where δ :=
gcd(3, q+1). Suppose that {c1, . . . , cs¯} is closed under the Frobenius map ci 7→ c
p
i and under
the scalar map Λ : ci 7→ λci, where λ
r = 1. Then the automorphism group of C¯ is
Aut(C¯) ∼= ((SU(3, q)× Cr)⋊ Aut(Fq6))⋊ F
∗
q6
of order rq3(q + 1)3(q − 1)2(q2 − q + 1)2(q2 + q + 1) logp(q
6).
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Proof. We argue as in the proof of Proposition 3.6.
• The divisor G¯ is effective.
• By Lemma 4.3, ℓ(G¯− P ) = ℓ(G¯)− 1 and ℓ(G¯− P −Q) = ℓ(G¯)− 2 for any P,Q ∈ X .
• Let Π(X ) be the plane model of X given in [5, Theorem 4], which has degree q3 + 1.
The function field Fq6(Π(X )) is generated by the functions x
′ := x/z2 and z′ := 1/z.
We have x′, z′ ∈ L (G¯).
• The curve X is defined over Fp.
• The Frobenius morphism Φp : (x, z) 7→ (x
p, zp) on Π(X ) preserves the support of G¯ by
hypothesis, hence also the support of D.
• The condition n¯ > deg G¯ · deg(Π(X )) holds if and only if m ≤ q
8−q6+q5−(s¯+1)q3
(s¯+1)q3(q3+1)
.
Then by Theorem 2.2 we have
Aut(C¯) ∼= (Aut+F
q6
,D¯,G¯
(X )⋊Aut(Fq6))⋊ F
∗
q6 .
By Remark 2.1, Aut+
F
q6
,D¯,G¯
(X ) ∼= AutF
q6
,D¯,G¯(X ). Since Aut(X ) is defined over Fq6 , we have
that Aut+
F
q6
,D¯,G¯
(X ) coincides with the subgroup S of Aut(X ) stabilizing the support of G¯. By
the discussion after Lemma 8 in [5], S is contained in the group M ∼= SU(3, q)× C(q2−q+1)/δ
defined in [5, Lemma 8]. In particular, S contains a subgroup SU(3, q) × Cr. Since s/r is
coprime with (q2 − q + 1)/δ, S cannot contain any subgroup SU(3, q)× Cr′ with r | r
′ and
r′ > r. The claim follows.
4.2 Second construction
Let m˜, s˜ ∈ N and take s˜+ 1 distinct elements c0 = 0, c1, . . . , cs˜ ∈ Γ0. Define the sets
G˜ :=
( s˜⋃
i=0
(X ∩ ζci)
)
\ {P∞}, D˜ := X (Fq6) \ G˜
and the Fq6-divisors
G˜ :=
∑
P∈G˜,P 6=P∞
m˜P, D˜ :=
∑
P∈D˜
P,
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which have degree m˜(s˜ + 1)q3 and q8 − q6 + q5 − (s˜ + 1)q3 + 1, respectively. Denote by
C˜ := CL (D˜, G˜) the associated functional AG code over Fq6 having length n˜ = deg D˜,
dimension k˜, and minimum distance d˜. The designed minimum distance of C˜ is
d˜∗ = n˜− deg G˜ = q8 − q6 + q5 − (m˜+ 1)(s˜+ 1)q3 + 1
Proposition 4.5. Whenever d˜∗ > 0, C˜ attains the designed minimum distance d˜∗.
Proof. Since d˜∗ > 0, there exist m˜(s˜+1) distinct elements γ1, . . . , γm˜(s˜+1) ∈ Γ0\{c0, c1, . . . , cs˜}.
Consider the function
f˜ :=
s˜∏
i=0
m˜∏
j=1
(
z − γim˜+j
z − ci
)
.
The pole divisor of f˜ is (f)∞ = G˜, thus f˜ ∈ G˜. The weight of eD˜(f˜) is
w(eD˜(f˜)) = n˜− m˜(s˜+ 1)q
3 = d˜∗.
Proposition 4.6. If q
5−2q3+q2−1
(s˜+1)q3
≤ m˜ ≤ q
5−q3+q2
s˜+1
− 1, then
k˜ = m˜(s˜+ 1)q3 −
1
2
(
q5 − 2q3 + q2 − 4
)
.
Proof. The proof is analogous to the proof of Proposition 3.3.
Lemma 4.7. Let m˜ ≥ 2 and p ∤ m˜. For any P,Q ∈ X , ℓ(G˜ − P ) = ℓ(G˜) − 1 and
ℓ(G˜− P −Q) = ℓ(G˜)− 2.
Proof. As in the proof of Lemma 3.5, it suffices to provide two Fq6-linearly independent
functions f1, f2 ∈ L (G¯) such that f1, f2 /∈ L (G¯ − P − Q) and f1 + λf2 /∈ L (G¯ − P − Q)
for any λ ∈ Fq6.
• Case P,Q 6= P∞. Argue as in the proof of Lemma 4.3.
• Case P = P∞, P 6= Q. Choose f1 =
z−α
z
and f2 =
z−β
z
, with α, β 6= 0, α 6= β.
• Case P = Q = P∞. Choose f1 =
(
z−α
z
)m
and f2 =
(
z−β
z
)m
, with α, β 6= 0, α 6= β;
since p ∤ m˜, we have f1 + λf2 /∈ L (G˜− 2P∞).
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Proposition 4.8. Let 2 ≤ m˜ ≤ q
2−1
s˜+1
− s˜
(s˜+1)(q3+1)
with p ∤ m˜, and r := gcd
(
s, q
2−q+1
δ
)
where
δ := gcd(3, q + 1). Suppose that {c1, . . . , cs˜} is closed under the Frobenius map ci 7→ c
p
i and
under the scalar map Λ : ci 7→ λci, where λ
r = 1. Then the automorphism group of C˜ is
Aut(C˜) ∼= (AutF
q6
,D˜,G˜(X )⋊Aut(Fq6))⋊ F
∗
q6 .
If s˜ = 0, then AutF
q6
,D˜,G˜(X ) has a normal subgroup N of index δ with
N ∼= (Qq3 ⋊Hq2−1)× C(q2−q+1)/δ;
if s˜ > 0, then
AutF
q6
,D˜,G˜(X )
∼= (Qq3 ⋊Hq2−1)× Cr.
Here, Qq3 has order q
3 and is the unique Sylow p-subgroup of Aut(C˜). The groups Hi and
Cj are cyclic of order i and j, respectively.
Proof. As in the proof of Proposition 3.6, the following facts hold.
• The divisor G˜ is effective.
• By Lemma 4.7, ℓ(G˜− P ) = ℓ(G˜)− 1 and ℓ(G˜− P −Q) = ℓ(G˜)− 2 for any P,Q ∈ X .
• The functions x′ := x/z2, z′ := 1/z ∈ L (G˜) generate the function field of the plane
model Π(X ) of X given in [5, Theorem 4].
• The curve X is defined over Fp.
• The Frobenius morphism Φp : (x, z) 7→ (x
p, yp) on Π(X ) preserves the support of D˜.
• Since m˜ ≤ q
2−1
s˜+1
− s˜
(s˜+1)(q3+1)
, we have n˜ > deg(G˜) · deg(Π(X )).
Then by Theorem 2.2 we have
Aut(C˜) ∼= (Aut+
F
q6
,D˜,G˜
(X )⋊Aut(Fq6))⋊ F
∗
q6 .
By Remark 2.1, Aut+
F
q6
,D˜,G˜
(X ) ∼= AutF
q6
,D˜,G˜(X ). Since Aut(X ) is defined over Fq6 , we have
that Aut+
F
q6
,D˜,G˜
(X ) coincides with the subgroup S of Aut(X ) stabilizing the support of G˜.
The claim follows by the properties of Aut(X ) proved in [5]. In particular, suppose
s˜ = 0. Then supp(G˜)∪ {P∞} is a unique orbit of Aut(X ) by [5, Theorem 7]; hence, S is the
stabilizer of P∞ in Aut(X ), and the claim follows. Now suppose s˜ > 0. Then S is contained
in the subgroup (Qq3 ⋊Hq2−1)×C(q2−q+1)/δ of the group M ∼= SU(3, q)×C(q2−q+1)/δ defined
in [5, Lemma 8]. By the hypothesis on Λ, S contains a subgroup (Qq3 ⋊Hq2−1)× Cr. Since
h is coprime with (q2− q+1)/δ, S does not contain any cyclic group Cr′ with Cr ⊆ Cr′ and
r′ > r. The claim follows.
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